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$x\in \mathbb{R}^{\iota}$ $\delta>0$ $c>0$ $\Vert z-x\Vert\leq\delta$ , $\Vert\cdot\Vert$ $\mathbb{R}^{n}$
$\Vert y-x\Vert\leq\delta$ $|f(y)-f(z)|\leq c\Vert y-z\Vert$
$f$ $f^{o}(x;d)$
$f^{o}(x;d)=y arrow x, t\downarrow 0hm\sup\frac{f(y+td)-f(y)}{t}$ (1)
Clarke $\xi\in\partial f(x)$
$f^{o}(x;d)= \max\{\langle\xi, d\rangle|\xi\in\partial f(x)\}, \forall d\in \mathbb{R}^{n}$ (2)
(Clarke [3], Proposition 2. 1.2 ) $f$ $\partial f(x)$
$\partial^{c}f(x)$ (cf. Rockafellar [14]) $f^{o}(x;d)$ $d$
$f’(x;d)$
2
(Cmin) $C(w, y)=$ minimize $\langle w,$ $x\rangle$
subject to $f(x)\geq y,$
$x\in 1\mathbb{R}_{+}^{n},$
$x\in \mathbb{R}_{+}^{n}$ $w\in \mathbb{R}_{+}^{n}$ $f$ : $\mathbb{R}_{+}^{n}arrow$ $y\geq 0$
$x(w, y)$
62
(Pmax) $\pi(p, w)=$ maximize $py-\langle w,$ $x\rangle$
subject to $f(x)\geq y,$
$x\in \mathbb{R}_{+}^{n},$
$x\in \mathbb{R}_{+}^{n}$ $y\geq 0$ $p\geq 0$ $w\in K_{+}^{n}$








( 4 1 ) $)$
4
3
$U$ $f$ : $\mathbb{R}_{+}^{n}arrow \mathbb{R}+$ (upper semicontinuous) $\forall x>0$
64
$f(x)>0_{0}$
$U(f, y)\equiv\{x\in \mathbb{R}_{+}^{n}|f(x)\geq y, y\geq 0\}$
(Cmin)
1[2 (Cmin) $f:\mathbb{R}_{+}^{n}arrow$
$C(w, y)$ $w$ $w>0$ $U(f, y)$
$C(w, y)$ $w$ $\square$
$f$
Shephard
3.1 (Cmin) $f$ : $\mathbb{R}_{*}^{n}arrow$ $\overline{x}$
(Cmin) $(w, y)$ $w>0$ $C(w, y)= \langle w,\overline{x}\rangle=\min\{\langle w,$ $x\rangle|$
$f(x)\geq y,$ $x\in \mathbb{R}_{+}^{n}\}$ $(w, y)$ $C$ $w$ Clarke
$\overline{x}\in-\partial_{w}^{c}(-C)(w, y)=\partial_{w}C(w, y)$ (3)
[ ] $C(w, y)$ $f$ $w$
$\psi(w’)$
$\psi(w’)\equiv C(w’, y)-\langle w’,\overline{x}\rangle$
$\psi(w’)\leq 0=\psi(w)$ for $w’\in\{w’|w_{i}’>0\}$
$\psi(w’)$ $w$ Rockafellar [14], Theo-
rem 23.5 $\backslash$
$0\in\partial_{w}^{c}(-\psi)(w)=\partial_{w}^{c}(-C)(w, y)+$
$\overline{x}\in-\partial_{w}^{c}(-C)(w, y)=\partial_{w}C(w, y)$ ,
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$\varphi$ Clarke [3] Proposition 2.2.7,
2.3.1








2 $[23J$ (Pmax) $\pi(p, w)$ 1 $\square$
Hotelling
3.2 (Pmax) $f$ : $\mathbb{R}_{+}^{n}arrow \mathbb{R}_{+}$ $\overline{x},$
$\overline{y}$ (Pmax) $\pi(p, w)=p\overline{y}-\langle w,\overline{x}\rangle=\max\{py-\langle w, x\rangle|f(x)\geq y, x\in \mathbb{R}_{+}^{n}\}$
$\pi$ $(p, w)$ $P,$ $w$
$\overline{y} \in \partial_{p}^{c}\pi(p, w)$
$-\overline{x}_{j} \in \partial_{w_{j}}^{c}\pi(p, w) , j=1, \ldots, n$ . (5)
[ ] $\overline{x},\overline{y}$ (Pmax) $(p, w)$ $\phi(p’, w’)$
$\phi(p’, w’)\equiv\pi(p’, w’)-(p’\overline{y}-\langle w’,\overline{x}\rangle)$
$\phi(p, w)=0$ $\pi(p’,w^{l})$
$\phi(p’, w’)\geq 0=\phi(p, w)$
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$0\in\partial_{p}^{c}\phi=\partial_{p}^{c}\pi-j,$
$0\in\partial_{w_{j}}^{c}\phi=\partial_{w_{j}}^{c}\pi+\overline{x}_{j}, j=1, \ldots, n$
Rockafellar [14], Theorem 23.5 $\pi(p, w)$ $(p, w)$
3 $\varphi$ : $\mathbb{R}^{n}arrow \mathbb{R}$ $\partial^{c}\varphi$ : $\mathbb{R}^{n}arrow \mathbb{R}^{n}$ $x$
$z=(1-\lambda)x+\lambda y,$ $0<\lambda\leq 1$




$\varphi(z)-\varphi(x)\leq\langle\eta, z-x\rangle=\lambda\langle\eta, y-x\rangle, \forall\eta\in\partial^{c}\varphi(z)$
$\varphi(z)-\varphi(x)\geq\langle\xi, z-x\rangle=\lambda\langle\xi, y-x\rangle, \forall\xi\in\partial^{c}\varphi(x)$
$\langle\eta, y-x\rangle\geq\langle\xi, y-x\rangle, \forall\xi\in\partial^{c}\varphi(x), \forall\eta\in\partial^{c}\varphi(z)$
3.3 (Pmax) $f$ : $\mathbb{R}_{+}^{n}arrow$
$\overline{y}$ (Pmax) $p$ $\overline{y}$ $wj$






$0\in-r\partial f($ $)+N(\mathbb{R}_{+}^{n};\overline{x})$ , (6)
$N(\mathbb{R}_{+}^{n};\overline{x})$
$\overline{x}$
$\mathbb{R}_{+}^{n}$ $r\geq 0$ $r=0$
(Ql) (Cmin) $\overline{x}$
$0 \in w-r\partial f(\overline{x})+N(\mathbb{R}_{+}^{n};\overline{x}) , f(\overline{x})=y,\overline{x}\in \mathbb{R}_{+}^{n}$ (7)
$f$ $(Q1)l$
$\phi$ : $\mathbb{R}^{n}arrow \mathbb{R}$ $S$ $S=\{x\in \mathbb{R}^{n}|\phi(x)\geq\phi(x^{0})\}$ ,
$d_{S}(\cdot):Xarrow \mathbb{R}$




$T(x^{0})\equiv\{d\in \mathbb{R}^{n}|\exists t_{k}\downarrow 0,$ $d_{k}arrow d$, with $x+t_{k}d_{k}\in S,$ $\forall k\},$
$N(x^{0})$
$N(x^{0})\equiv\{\zeta\in \mathbb{R}^{n}|\langle\zeta, d\rangle\leq 0, \forall d\in T_{i}(x^{0})\},$





$N$ ( $xo$ ) $=$ - $\mathbb{R}$ $\partial\phi(x_{0})$ (9)
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[ ] $T(x^{0})$ $\phi$ $S$ $T(x^{0})$ Hiriart-
Urruty [8], Theorem 2 Remark 2
$T(x^{0})=\mathcal{T}(S;x^{0})=c1\{\mathbb{R}_{+}(c1S-x^{0})\}$ . (10)
$-\phi$ [8], Proposition 4 Remark 1 $g_{i}$
$N(x^{0})\subset-\mathbb{R}_{+}\partial\phi(x^{0})$ .
$\phi$ $\partial\phi(x^{0})$
$\phi$ Clarke [3], Theorem 2 $S=\{x\in \mathbb{R}^{n}$ $(-\phi)(x)\leq$
$(-\phi)(x^{0})\}=\{x\in \mathbb{R}^{n}|\phi(x^{0})\leq\phi(x)\}$
$\{d\in \mathbb{R}^{n}|(-\phi)^{o}(x^{0};d)\leq 0\} = \{d\in \mathbb{R}^{n}|\phi^{o}(x^{0};d)\leq 0\}$
$= \{d\in \mathbb{R}^{n}| \max\langle\xi, -d\rangle\leq 0\}$
$\xi\in\partial\phi(x^{0})$
$= \{d\in \mathbb{R}^{n}| \max\langle-\xi, d\rangle\leq 0\}$
$\xi\in\partial\phi(x^{0})$
$= T_{S}(x^{0})=T(x^{0})$ .




2 (Cmin) $f$ : $\mathbb{R}_{+}^{n}arrow \mathbb{R}+$ $f(x’)>y$
$f(\overline{x})=y$ for $\exists x’,\overline{x}\geq 0$
$0\not\in\partial f(\overline{x})$ (11)
$f(x)$ Hiriart- Urruty $[7J$ :
$\exists d\in \mathcal{T}(\mathbb{R}_{+}^{n};\overline{x}) , (-f)^{o}(\overline{x};d)<0$
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[ ] $T(\overline{x})$ $\overline{x}$ $f$ $0\not\in$
$\partial f(\overline{x})$
$N(\overline{x})\subset-\mathbb{R}_{+}\partial f(\overline{x})$ , (12)
$N(\overline{x})=\{\zeta|\langle\zeta, d\rangle\leq 0,\forall d\in T(\overline{x})\}$ 1
$(0\neq)x’-\overline{x}\in$ int $T(\overline{x})$
$f^{o}( \overline{x};x’-\overline{x})=\max\{\langle\xi, x’-\overline{x}\rangle|\xi\in\partial f(\overline{x})\}$
$\geq\langle\xi,$ $x’-\overline{x}\rangle,$ $x’-\overline{x}\in$ int $T(\overline{x})$ .




$f^{o}(\overline{x};\overline{x}-x’)$ $=$ $\max\{\langle\xi,\overline{x}-x^{l}\rangle|\xi\in\partial f(\overline{x})\}\leq\max\{\langle-\xi, x’-\overline{x}\rangle|\xi\in\partial f(\overline{x})\}$
$<$ $0.$
Clarke [3], Proposition 2. 1.1 (C)
$(-f)^{o}(\overline{x};x’-\overline{x})=f^{o}(\overline{x};\overline{x}-x’)<0$
Hiriart-Urruty
$f$ : $\mathbb{R}^{n}arrow \mathbb{R}$
$\langle\xi, x-x_{0}\rangle\leq 0,\xi\in\partial f(x_{0}), \forall x, x_{0}\in \mathbb{R}_{q}^{n}\Rightarrow f(x)\leq f(x^{0})$
(pseudoconcave)
$f$
4.1 (Cmin) $f$ : $\mathbb{R}_{+}^{n}arrow \mathbb{R}$
1 :
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1. $f$ $0\not\in\partial f(\overline{x})$ ,
2. $f$ $x’\in \mathbb{R}_{+}^{n}$ $f(x’)>y.$
$\overline{x}$ (7) $\overline{x}$
[ ] $f$ $U(f, y)$ (Cmin)
$\overline{x}$
$f$ 2 $0\in\partial f(\overline{x})$ $\langle 0,$ $x’-\overline{x}\rangle\leq 0$ $f(x’)\leq f(\overline{x})$
$f(x’)>f(\overline{x})$ $0\not\in\partial f(\overline{x})$ 1
2 $0\not\in\partial f(\overline{x})$ Hiriart-Urruty
$\langle-r\partial f(\overline{x})+z, d\rangle = \langle r\partial(-f)(\overline{x})+z, d\rangle$
$\leq r(-f)^{o}(\overline{x};d)+\langle z, d\rangle\leq 0,$
for $r\geq 0,$ $\forall z\in N(\mathbb{R}_{+}^{n};\overline{x}),$ $\exists d\in \mathcal{T}(\mathbb{R}_{+}^{n};\overline{x})$ , $r=0\in \mathbb{R}_{+}^{n}$
(Ql)







$C(w, y)= \min_{x}\{\langle w, x\rangle|f(x)\geq y, x\in \mathbb{R}_{+}^{n}\},$
$Y=[0, y]$
$f^{C}(x)= \max\{\eta\in Y|C(w, y)\leq\langle w,$ $x\rangle$ , for every $w\in \mathbb{R}_{++}^{n}\}.$
71
$f$ : $\mathbb{R}^{n}arrow \mathbb{R}$ $f=f^{C}$ (consistent)
4.2 $f$ $f$
$f$
[ ] :Avriel, Diewert, Schaible, Zang [2], Theorem 4.5
: $U(f,y)$ $U(f,y)$
Mangasarian [10],
Theorem 9.1.3 $\circ$ $\square$
$f$ $C(w, \cdot)$ $f$
– –
$L$ $f$ : $\mathbb{R}_{+}^{n}arrow \mathbb{R}+$
$f$ : $arrow$ $\exists\alpha>0,$
$f((1- \lambda)x_{1}+\lambda x_{2})\geq\min\{f(x_{1}), f(x_{2})\}+(1-\lambda)\lambda\alpha\Vert x_{2}-x_{1}\Vert^{2}$ (13)
$\forall x_{1},$ $x_{2}s.t.$ $\pm(x_{2}-x_{1})\not\in \mathbb{R}_{++}^{n},$ $\forall\lambda\in[0,1].$
$x\in \mathbb{R}_{+}^{n}$ (strongly quasiconcave) $\circ$
$f$ : $\mathbb{R}^{n}arrow \mathbb{R}$
$M(v)= |x-\overline{x}|\leq\delta\{f(\overline{x})-f(x)-\langle v,\overline{x}-x\rangle\}$
$M(O)=\overline{x}(v=0)$ $\overline{x}=0$ tilt-stable
3 $f$ $C^{2}$ $\nabla f(\overline{x})=0$
$\overline{x}=0$ tilt-stable $\nabla^{2}f(\overline{x})$
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[ ] Poliquin and Rockafellar [12], Proposition 1.2
$x(w)$
4.3 (Cmin) $f$ : $\mathbb{R}_{+}^{n}arrow \mathbb{R}_{+}$
$\overline{x}_{1}=x(w_{1}),\overline{x}_{2}=x(w_{2})$ (Cmin) $U(f, y)$
$f$ $\mathbb{R}_{+}^{n}$ $x(w_{1})$
$\forall y<y_{0},$ $y_{0}= \sup f(x)$ $\exists M_{y}>0$
$\overline{x}\in U(f, y),$ $g\in\partial f(\overline{x})$ $\Vert g\Vert\leq M_{y}$ , $\delta w=w_{2}-w_{1},$ $w_{1}\neq 0$
$\Vert\delta x\Vert\leq\frac{M_{y}\Vert\delta w\Vert}{\alpha\Vert w_{1}+\delta w\Vert}arrow 0, \Vert\delta w\Vertarrow 0$ (14)
$f$ $C^{2}$ $x(w)$
[ ] $\overline{x}_{2}=\overline{x}_{1}+\delta x,$ $w_{2}=w_{1}+\delta w$ Vial [24], Corollary 1
$p_{1}=w_{1}/\Vert w_{1}\Vert,$ $p_{2}=w_{2}/\Vert w_{2}\Vert$ ,
$\Vert\delta x\Vert=\Vert\overline{x}_{2}-\overline{x}_{1}\Vert$ $\leq$ $\frac{M_{y}}{2\alpha}.$ $\Vert p_{2}-p_{1}\Vert$
$= \frac{M_{y}}{2\alpha}. \Vert\frac{w_{2}}{\Vert w_{2}\Vert}-\frac{w_{1}}{\Vert w_{1}\Vert}\Vert$
$= \frac{M_{y}}{2\alpha}. \Vert\frac{\Vert w_{1}\Vert(w_{1}+\delta w)-\Vert w_{1}+\delta w\Vert w_{1}}{\Vert w_{1}\Vert\Vert w_{1}+\delta w\Vert}\Vert$
$= \frac{M_{y}}{2\alpha}. \frac{\Vert\Vert w_{1}\Vert\delta w-(||w_{1}+\delta w\Vert-\Vert w_{1}\Vert)w_{1}\Vert}{\Vert w_{1}\Vert||w_{1}+\delta w\Vert}$
$\leq \frac{M_{y}}{2\alpha}. \frac{\Vert w_{1}\Vert\Vert\delta w\Vert+\Vert(||w_{1}+\delta w\Vert-\Vert w_{1}\Vert)w_{1}\Vert}{\Vert w_{1}||||w_{1}+\delta w\Vert}$
(Schwartz’s inequality)
$\leq \frac{M_{y}}{2\alpha}. \frac{\Vert w_{1}\Vert\Vert\delta w\Vert+(\Vert w_{1}||+\Vert\delta w\Vert-\Vert w_{1}\Vert)\Vert w_{1}\Vert}{||w_{1}\Vert||w_{1}+\delta w||}$
(Minkowski’s inequality)
$= \frac{M_{y}}{2\alpha}. \frac{2\Vert w_{1}\Vert\Vert\delta w\Vert}{\Vert w_{1}||\Vert w_{1}+\delta w\Vert}$
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$=$ $\frac{M_{y}}{\alpha}.$ $\frac{\Vert\delta w||}{\Vert w_{1}+\delta w\Vert}arrow 0,$ $\Vert\delta w\Vertarrow 0.$
3 $f(x),$ $x(w)$ $\overline{x}$ $f(x)$ $U(f, y)$
tilt-stable $f(\overline{x}_{1}+v)=f(\overline{x}_{1})+\langle\nabla f(\overline{x}_{1}),$ $v \rangle+\frac{1}{2}\langle\nabla^{2}f(\overline{x}_{1})v,$ $v\rangle+o(v^{2})$
$\nabla^{2}f(\overline{x}_{1})$ $\langle\nabla^{2}f(\overline{x}_{1})v,$ $v\rangle<0$ for $v\in \mathbb{R}^{n},$ $\pm v\not\in \mathbb{R}_{++}^{n}$ st. $\langle\nabla f(\overline{x}_{1}),$ $v\rangle=0,$
$\Vert v\Vert=1$ $\overline{x}_{1},\overline{x}_{2}$ $\langle\nabla f(x)v,$ $v\rangle$ $x,$ $v$
$\overline{x}_{2}\approx\overline{x}_{1},$
$v’\approx v$ $\langle\nabla f(x’)v’,$ $v’\rangle<0,$ $v’=\overline{x}_{2}-\overline{x}_{1}/\Vert\overline{x}_{2}-\overline{x}_{1}\Vert,$
$x’=(1-\lambda)\overline{x}_{1}+\lambda\overline{x}_{2},$ $\lambda\in[0,1]$ , (13) $\alpha>0$ $\square$
$y$
(Cmin) (Cmin$(q)$ ) :
(Cmin$(q)$ ) $C(q)=$ minimize $\langle w,$ $x\rangle$
subject to $f(x)\geq y+q,$
$x\in \mathbb{R}_{+}^{n}.$
$C$ $f$ : $\mathbb{R}^{n}arrow \mathbb{R}$ $C(0)$
$\Omega\in \mathbb{R}_{+}^{n}$ $\epsilon_{0}>0$ (Cmin$(q)$ ) $\Omega$ $C(q)<C(O)+\epsilon 0,$ $\forall|q|<\epsilon 0$
C
4.4 (Cmin $(q)$ ) $f$ : $\mathbb{R}_{+}^{n}arrow$
$|q|$ (Cmin$(q)$ ) $C$
[ ] $\overline{x}$ (Cmin) $\overline{x}_{q}$ (Cmin$(q)$ )
$f$
for $\forall|q|,$ $\exists x_{q},$ $\exists\delta>0$ s.t. $f(x_{q})=y+q,$ $\Vert\overline{x}-x_{q}\Vert<\delta.$
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for $\forall\epsilon>0,$ $|\langle w,\overline{x}_{q}\rangle-\langle w,\overline{x}’\rangle|<\epsilon,$ $\exists\overline{x}’,$ $\exists\delta’>0$ st. $f(\overline{x}’)=y,$ $\Vert\overline{x}_{q}-\overline{x}’\Vert<\delta’.$
$\langle w,\overline{x}\rangle\leq\langle w,\overline{x}’\rangle,$ $\langle w,\overline{x}_{q}\rangle\leq\langle w,$ $x_{q}\rangle$ Schwarz $|\langle w,\overline{x}\rangle-$
$\langle w,$ $x_{q}\rangle|\leq\Vert w\Vert\Vert\overline{x}-x_{q}\Vert<\Vert w\Vert\delta,$ $|\langle w,\overline{x}_{q}\rangle-\langle w,\overline{x}’\rangle|\leq\Vert w\Vert\Vert\overline{x}_{q}-\overline{x}’\Vert<\Vert w\Vert\delta’$
6 :
1. $\langle w,\overline{x}\rangle\leq\langle w,\overline{x}’\rangle\leq\langle w,\overline{x}_{q}\rangle\leq\langle w,$ $x_{q}\rangle;2.$ $\langle w,\overline{x}\rangle\leq\langle w,\overline{x}_{q}\rangle\leq\langle w,\overline{x}’\rangle\leq\langle w,$ $x_{q}\rangle$ ;
3. $\langle w,\overline{x}\rangle\leq\langle w,\overline{x}_{q}\rangle\leq\langle w,$ $x_{q}\rangle\leq\langle w,\overline{x}’\rangle;4.$ $\langle w,\overline{x}_{q}\rangle\leq\langle w,\overline{x}\rangle\leq\langle w,\overline{x}’\rangle\leq\langle w,$ $x_{q}\rangle$ ;
5. $\langle w,\overline{x}_{q}\rangle\leq\langle w,\overline{x}\rangle\leq\langle w,$ $x_{q}\rangle\leq\langle w,\overline{x}^{l}\rangle;6.$ $\langle w,\overline{x}_{q}\rangle\leq\langle w,$ $x_{q}\rangle\leq\langle w,\overline{x}\rangle\leq\langle w,\overline{x}’\rangle.$
$|C(0)-C(q)| = |\langle w,\overline{x}\rangle-\langle w,\overline{x}_{q}\rangle|$
$\leq \max\{|\langle w, x_{q}\rangle-\langle w,\overline{x}\rangle|, |\langle w,\overline{x}_{q}\rangle-\langle w,\overline{x}’\rangle|\}$
$< \max\{\Vert w\Vert\delta, \Vert w\Vert\delta’\}.$
$C$
$\Sigma$ $\Omega$ (Cmin) $M( \Sigma)=\bigcup_{\overline{x}\in\Sigma}M(\overline{x})$ $M(\overline{x})$ $\overline{x}$
(Cmin) $y$
4.5 $f$ : $\mathbb{R}_{+}^{n}arrow K_{+}$
(Ql) (Cmin) $\Sigma$ $\overline{x}$ (Cmin$(q)$ )
$\forall|q|$ $\overline{x}$ (7)
$\partial_{y}C(w, y) = \partial C(0)$
$=$ clco $M$ ( ) (15)
$= \{r|w\in r\partial f(\overline{x})-N(\mathbb{R}_{+}^{n};\overline{x}); f(\overline{x})=y,\overline{x}\in \mathbb{R}_{+}^{n}\}.$
[ ] (Ql) $M_{k}^{0}(\overline{x})=\{0\}$ (Clark [3], Section6.3)
(Cmin) $\overline{x}$ calm (7) Clarke $\partial_{y}C(w, y)$
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subject to $\langle a,$ $x\rangle\geq y,$
$x\geq 0,$
$\langle a,$ $x\rangle,$ $a\in \mathbb{R}_{++}^{n}$
$=\{\begin{array}{ll}\frac{w}{a}h_{=\min_{i_{ai}^{-arrow}}^{w}}k., i=k0, i\neq k\end{array}$
$\partial_{y}C(w, y)=w_{k}/a_{k}$ ( $=^{t}c_{B}B^{-1}$ ; (reduced cost))
$\partial_{y}C(w, y)$ (shadow
price) $O(\delta C)=O(\delta y)$ ,
( ) $O(\delta x)>O(\delta w)$
(Pmax)
(Q2): (Pmax) 9)
$0\in-r\partial f(\overline{x})+N(\mathbb{R}_{+}^{n};\overline{x}) , 0\in r+N(\mathbb{R}_{+};\overline{y})$ (16)
$r\geq 0$ $r=0$
(Q2) (Pmax) $(\overline{x},\overline{y})$
$0 \in w-r\partial f(\overline{x})+N(\mathbb{R}_{+}^{n};\overline{x})$ , (17)
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